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Motivation Econometrics - Machine Learning

e Econometrics [Working, 1927], [Tinbergen, 1939] and, as in [Morgan, 1990]:

“it has been considered legitimate to use some of the tools developed in
statistical theory without accepting the very foundation upon which statistical
theory is built [...] The reluctance among economists to accept probability
models as a basis for economic research has, it seems, been founded upon a very
narrow concept of probability and random variables, ” [Haavelmo, 1944]

e Machine Learning (“data mining” in [Friedman, 1998]), [Charpentier et al., 2018]:
“the logistic regression can also be interpreted from a probabilistic perspective, ”
[Watt et al., 2016]

* (Vi,Xi), realizations of (Y, Xj) on (2, F,P), [Gourieroux and Monfort, 1995],

“probabilistic scores”

ex l
E[Y|X:x]:P[Y:1|X:x]:%: s(x)
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Agenda and motivation

1. The logistic regression and classical probabilistic classifiers
 Logistic regression (and Generalized Linear Models)

e Epistemology of probabilistic interpretation with single case events

2. Balance and calibration
e Calibration curves and measures
e Using calibration curves for recalibration

3. Application on real data (motor insurance)
e Real data: accuracy, calibration

* Synthetic data: accuracy, calibration and distance to grand truth

Based on [Fernandes Machado et al., 2024a, Fernandes Machado et al., 2024b,
Fernandes Machado et al., 2024c]
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Classifiers
Let (Y, X) be a random pair with Y 0,1} and X [X. A predictive classifier is

a function X - {0, 1}, while a predictive score is
m:X - [0,1], and Bayes' predictor is 1"(X) = E(Y | X) =P(Y =1 X).
Given training dataset {(yi, X;)} (i.i.d. under P), predicted score is

X - [0,1], interpreted as “i(X) = BY =1 X)".

Running Example Motor insurance dataset, exposure 1 year, ¥ occurrence of a claim
- GLM , plain logistic regression
- GAM , logistic regression with smoothing splines

Random Forest , [2loss (and not majority rule of classifiers)

- , logistic loss (cross validation stopping rule)
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Classifiers

Annual claim frequency, GLM , GAM , Random Forest and
Histograms of {i(X;)}'s
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Classifiers

Annual claim frequency, GLM , GAM , Random Forest and
Histograms of {(X;)}'s (zoom on [0 ; 0.4])
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Classifiers

Annual claim frequency, GLM , GAM , Random Forest and
Densities of {(X;i)}'s (zoom on [0 ; 0.4])
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Classifiers

Let (Y, X) be a random pair with Y [0, 1} and X [XI. A predictive classifier is a
function X - {0, 1}, while a predictive score is

m:X - [0,1], and Bayes' predictor is T"(X) = E(Y | X) =P(Y =1 X).
Given training dataset {(yi, X;)} (i.i.d. under P), predicted score is
X - [0,1], interpreted as “(X) = BY = 1| X)".

Following some lectures notes, given a threshold t [0, 1],

I:IF\’(t) =P(X)>t|Y =1) =P((X™) >t), true positive rate
%R(t) =P(IX)>t|Y =0) =P(IX") >t), false positive rate
ENR(t) =P(X)<t|Y =1)=P(I(X") =t) = 1 — TPR(t), false negative rate
R(t)=P((X)<t|Y =0)=P((X") <t) =1—FPR(t), true negative rate
(t) =P(EX) >1), positive rate and NR(t) = P(M(X) < t) negative rate
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Classifiers
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Classi ers

Survival functions{ 7! FPR(t) andt 7! TPR (1)
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Classi ers

ROC curvef (FPR(t); TPR(t));t 2 [0;1]g, or ROC(u) = TPR FPR *(u) :
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Classi ers
The ROC Curve isf(TPR(t);FPR(t));t 2 [0;1]g, or equivalently

ROC :[0;1]! [0;1]; de ned asROC(u) = TPR FPR 1(u) :

The Area Under the ROC Curve (AUC) is de ned as

Z, Z
AUC =  TPR FPR (u) du=  TNR FNR *(u) du
0 0

(based on the mirror ROC Curve), or
AUC = E TPR(b(X )) = E TNR (b(X™))

AUC = P b(X*)> b(X ) +%P b(X*)= b(X )

whereX™* denotes an instance witl =1 and X an instance withY = 0.
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Classi ers

Z, Z,

AUC= ROCudu= TPR FPR %(u) du
0 0
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Classi ers

Annual claim frequency GLM , GAM , Random Forest and
ROC off b(x;)g's, training and validation datasets.
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Classi ers

Letl. andl be the sets of positive and negative indices respectively.

1 X X

Auc = 1f b, > b; g+%1fbi+:big:

N+ 2l 40 21

that can be related to Mann{WhitneyJ test.

1 X X 1
Auc = 1RI>R + 1R =R
NN oo
where, ifS;;:::; Sy, are the scores of positive observations ahgd:::; T, are the

scores of negative observations, we de RE as the (increasing) rank o among all
scoresf Sq; 1S g[f Ty ;T g= fba; ; bng, and similarly foer , among
negative observations. ThugUC depends only on ranks of predictive scores, not the
value themselves.
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Classi ers
Let g:[0;1]! [0;1] be a strictly increasing function , and(X) be a scoring function
De ne the transformed scoréd 9(X) = g(b(X)) ; then

AUC(b% = AUC(g b)= AUC(b)

If a predicted scoréd(X) is replaced by any miscalibrated transformatigiib(X))
(e.g., overcon dence, undercon dence, temperature scaling), then

AUC remains unchanged

For any > O,
AUC(b )= AUC(b):

For anyT > 0, the temperature-scaled scores satisfy

AUC logit * T logit(b) = AUC(b):
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Classi ers

b! b =log ! log(b), =2, power parameter
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Classi ers

b! b =log ! logb), =1=2,
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Classi ers

b! logit ' logit(b), =2, temperature parameter
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Classi ers

b! logit ' logit(b), =1=2,
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Expectated Value ?

Consider a random pairY(; X) where:
Y 0 : insurance loss (response variable),
X 2 X, : vector of covariates.
(X) = E[Y j X] (true pure premium)
(X) (some predicted premium from pre-trained a model)
average losses / empirical losses

nqx , 0 n 0
Y, =argmin = Vi or E[Y] =argmin E (Y )?
2R Ny 2R
least squares

i.e. we want to minimize the error between observed logeend predictionsp.

n 0
EYjX=x = ?(x)where *= argmin E(Y (X)?

measurable
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Expectated Value ?

More generally than(y;9)= vy ¥ 2, consider Bregman losses
(y;i®)='(y) '(p) "Up) y # for some dierentiable convex functioh
n 0
EYjX=x = ?(x)where 7= argmin E (Y; (X))

measurable
If Y has a distribution in the exponential famil Generalized Linear Model

y b()

YjX f(yj; )=exp +c(y; ) ; where = E[YjX=x]=b%):

then (y; )= b( ( ))is a Bregman loss
If Y is binaryf0;1g, E[Y j X =x]= PY =1)X = x
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Expectated Value ?

(s )

argmin Vi , for three (Bregman) loss functions
2R i

. in all cases, * = y,,.
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Balance

A predictor satis es the balance property if: BayesE[Y j X]

J
Eb(X) =E[Y] EE (X)):

The (in-sample) translation is that
X0
ba(Xi) = Vi
i=1 i=1

which is a well-known property of the logistic regression...
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Balance
f(yi;xij)g sample, from of i.i.d. vectorsY;; X;) where (Y j X = x) B ( (X)),

>

) eX
whereP[Y =1jX =x]= (x)= T logistic (X)
When inference is done usir maximum likelihood
. i S : S expk®
logit( ;) = log 1 ! i =x7 or ;=s (xj)=logit Y(x7 )= #{JI[XT]]
“(yis i)
xn l
logL( )= R log( i( ND+@ y)log@ ()

i=1
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Balance

First order conditions yield

@oglL ( ) Xy @i() 1 oyi@i()

= =0

@x -=b ., () @« i( ) @
or because of the analytical expressionmf ),

S - o O K
“ X>(y b)=0

we obtain l

@ogL( ) _X by —( - ak-

— = i Vi =0 ; 8k:

@ b Xii [V (P)=0:8
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Balance

Side note :

@ogL( ) S LT
B =0 B i(")= b
@o =b ! i:1y i=1 ) i=1

This corresponds to th¢balance in-sample property

(more generally, MLE in GLMs under the canonical link ensures balance in-sample)
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Scores from classical Models: a simple example
plain linear nonlinear component

[

exp|xy+ X2 +  (Xg;%2) ]

(Yi; Xgis X2;i), where  (Xg; X2) = ,
1+exp[xa+ X2 +  (X1;%2) ]

scatterpzlot i Xa:i s X2:i), whersz[Y =1jX=x]= (X)=1 P[Y=0jX=X]
AUC= ROC() dt, where —0P)= PL(X)>pJY =0I=FPR
Ry Fi(p)= P[ (X)>pjY =1]=TPR

ROC:t 7! F1 Fq (1)
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Scores from classical Models: a simple example

(plain) Logistic Logistic with lasso ("1 penalty)

Logistic with Ridge ("2 penalty) Support Vector Machine
(SVM) plain vanilla
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Scores from classical Models: GAM

Logistic GAM with additive splines

GAM (Generalized Addive Models)
E[Y j X1 = X1; X2 = X2] is here
exp o+ 1(x1)+ 2(x)
1+exp o+ 1(x)+ 2(x2)

where

Logistic GAM with bivariate splines

j(X) = a1+ apx+ gax’ + gax’
+as5(x  sy)d + as(x )3
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Scores from classical Models: Trees
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Scores from classical Models: Trees
Linear discriminant analysis Classi cation Tree (1)

Logistic with categorical variables Classi cation Tree (2)
(cut, Xk = 1(% 2 [ak; a+1)))
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Scores from classical Models: Boosting

Ensemble learning
Boosting (sequential trees)
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Scores from classical Models: Random Forest

Ensemble learning
Bagging (bootstrap+trees)
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Scores from classical Models: Random Forest

Ensemble learning
Bagging (bootstrap+trees)
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Scores from classical Models: Random Forest

Support Vector Machine Classi cation Random Forest
(SVM) plain vanilla with maximum nodes option
Classi cation Random Forest Regression Random Forest
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