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Agenda and motivation

1. The logistic regression and classical probabilistic classifiers
• Logistic regression (and Generalized Linear Models)
• Epistemology of probabilistic interpretation with single case events

2. Balance and calibration
• Calibration curves and measures
• Using calibration curbes for recalibration

3. Application on real data (motor insurance)
• Real data: accuracy, calibration
• Synthetic data: accuracy, calibration and distance to grand truth

Based on [Fernandes Machado et al., 2024a, Fernandes Machado et al., 2024b,
Fernandes Machado et al., 2024c]
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Scores from classical Models: a simple example

(yi , x1,i , x2,i), where µ(x1, x2) =
exp[ x1 + x2 + ψ(x1, x2) ]

1 + exp[ x1 + x2 + ψ(x1, x2) ]
,

plain linear nonlinear component

scatterplot (yi , x1,i , x2,i), where P[Y = 1 | X = x] = µ(x) = 1 − P[Y = 0 | X = x]

AUC =
∫
R

ROC(t) dt, where
{

F 0(p) = P[s(X) > p | Y = 0] = FPR
F 1(p) = P[s(X) > p | Y = 1] = TPR

ROC : t 7→ F 1 ◦ F −1
0 (t)
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Scores from classical Models: logistic regression
{(yi , x i)} sample, realizations of i.i.d. vectors (Yi ,X i) where (Y | X = x) ∼ B(p(x)) ,

where P[Y = 1 | X = x] = p(x) = ex⊤β

1 + ex⊤β
= s logistic(x)

Inference: maximum likelihood ,

logit(pi) = log
( pi

1 − pi

)
= x⊤

i β or pi = sβ(x i) = logit−1(x⊤
i β) = exp[x⊤

i β]
1 + exp[x⊤

i β]

log L(β) =
n∑

i=1
yi log(pi(β)) + (1 − yi) log(1 − pi(β))

−ℓ(yi , pi)
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Scores from classical Models: logistic regression

First order conditions yield

∂ log L(β)
∂βk

∣∣∣∣
β=β̂

=
n∑

i=1

yi
pi(β)

∂pi(β)
∂βk

− 1 − yi
pi(β)

∂pi(β)
∂βk

= 0

or because of the analytical expression of pi(β),

∂pi(β)
∂βk

= pi(β)[1 − pi(β)]xk,i

we obtain
∂ log L(β)

∂βk

∣∣∣∣
β=β̂

=
n∑

i=1
xk,i [yi − pi(β̂)] = 0 , ∀k.

X⊤(y − p̂) = 0
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Scores from classical Models: logistic regression
Side note :

∂ log L(β)
∂β0

∣∣∣∣
β=β̂

= 0 ⇐⇒
n∑

i=1
yi =

n∑
i=1

pi(β̂)

This corresponds to balance in-sample

(more generally, MLE in GLMs under the canonical link ensures balance in-sample)

Out of sample, set D =
m∑

i=1

(
Yi − s

β̂n
(X i)

)
, using Taylor’s expansion,

E
[
D | β̂n

]
≈ −

m∑
i=1

s
β̂n

(X i)
(
1 − s

β̂n
(X i)

)
X⊤

i
(
β̂n − β

)
.

Var
(
D | β̂n

)
=

m∑
i=1

s
β̂n

(X i)
(
1 − s

β̂n
(X i)

)
.
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Scores from classical Models: logistic regression
• (plain) Logistic

• Logistic with Ridge (ℓ2 penalty)

• Logistic with lasso (ℓ1 penalty)

• Support Vector Machine
(SVM) plain vanilla

§ freakonometrics freakonometrics.hypotheses.org – Arthur Charpentier, July 2025 Actuarial Research Conference, Toronto 6 / 81

https://freakonometrics.github.io/
https://freakonometrics.hypotheses.org/


Scores from classical Models: logistic, p, p2, √p
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Scores from classical Models: GAM
• Logistic GAM with additive splines

• Logistic GAM with bivariate splines

GAM (Generalized Addive Models)
E[Y | X1 = x1,X2 = x2] is here

exp
(
β0 + ψ1(x1) + ψ2(x2)

)
1 + exp

(
β0 + ψ1(x1) + ψ2(x2)

) .
where

ψj(x) = aj1 + aj2x + aj3x2 + aj4x3

+aj5 (x − s1j)3
+ + aj6 (x − s2j)3

+
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Scores from classical Models: Trees
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Scores from classical Models: Trees
• Linear discriminant analysis

• Logistic with categorical variables
(cut, xj,k = 1(xj ∈ [ak , ak+1)))

• Classification Tree (1)

• Classification Tree (2)
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Scores from classical Models: Boosting
• Ensemble learning

Boosting (sequential trees)
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Scores from classical Models: Random Forest
• Ensemble learning

Bagging (bootstrap+trees)
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Scores from classical Models: Random Forest
• Ensemble learning

Bagging (bootstrap+trees)
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Scores from classical Models: Random Forest
• Support Vector Machine

(SVM) plain vanilla

• Classification Random Forest

• Classification Random Forest
with maximum nodes option

• Regression Random Forest
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Accuracy of scores, and predictions
logistic 0.76197 GAM 0.76290 GAM 0.76294 random forest 0.71480

random forest 0.71684 boosting 0.76151 boosting 0.76151 boosting 0.76151
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Distributions of scores
logistic GAM GAM random forest

random forest boosting boosting boosting
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Scores?

“The individual characteristics are an essential part of any model for
individual risk assessment. Their statistical summary is called a score,”
[Gourieroux and Jasiak, 2015]

In the context of a logistic regression, the “canonical score” is s : Rk → [0, 1],

s(x) := logit
(
x⊤β

)
= exp[x⊤β]

1 + exp[x⊤β] .

Regression function

The regression function is µ(x) := E[Y |X = x].
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Scores?

“If we are asked to find the probability holding for an in-
dividual future event, we must first incorporate the case
in a suitable reference class,” [Reichenbach, 1971]

“When we speak of the ‘probability of death’, the exact
meaning of this expression can be defined in the follow-
ing way only. We must not think of an individual, but of
a certain class as a whole, e.g., ‘all insured men forty-one
years old living in a given country and not engaged in
certain dangerous occupations’. A probability of death
is attached to the class of men or to another class that
can be defined in a similar way. The phrase ‘probabil-
ity of death’, when it refers to a single person, has no
meaning for us at all,” [von Mises, 1928, von Mises, 1939]
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Scores?

As explained in [Van Calster et al., 2019], ”among patients
with an estimated risk of 20%, we expect 20 in 100 to
have or to develop the event,”

• If 40 out of 100 in this group are found to have the
disease, the risk is underestimated

• If we observe that in this group, 10 out of 100 have the
disease, we have overestimated the risk.

The prediction m̂(X) of Y is a well-calibrated prediction if

E
[

Y
∣∣ Ŷ = ŷ

]
= ŷ , ∀ŷ

estimate risk ŷ = 20%

20 out of 100 (proportion y = 1)
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Scores?
“Suppose the Met Office says that the probability of rain tomor-
row in your region is 80%. They aren’t saying that it will rain
in 80% of the land area of your region, and not rain in the other
20%. Nor are they saying it will rain for 80% of the time. What
they are saying is there is an 80% chance of rain occurring at
any one place in the region, such as in your garden. [...] A fore-
cast of 80% chance of rain in your region should broadly mean
that, on about 80% of days when the weather conditions are
like tomorrow’s, you will experience rain where you are. [...] If
it doesn’t rain in your garden tomorrow, then the 80% forecast
wasn’t wrong, because it didn’t say rain was certain. But if you
look at a long run of days, on which the Met Office said the
probability of rain was 80%, you’d expect it to have rained on
about 80% of them.” [McConway, 2021]
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Scores: Balance

(Theoretical) Global balance, E
[

ŝ(X)
]

= E
[

Y
]premium collected losses paid

E
[
Y

]
= E

[
ŝ(X)

]
⇐⇒ E

[
Y − ŝ(X)

]
= E

[
µ(x) − ŝ(X)

]
= 0 .

Economically, if ŝ(x) is the price, the portfolio is self-financing (for random losses Y ).

Empirical global balance,
n∑

i=1
yi =

n∑
i=1

ŝ(x i) .

If ŝ is obtained with a logistic regression⋆, this is valid, on the training dataset.
⋆ estimated using maximum likelihood techniques
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Scores: Balance

Well-calibration (or “marginal balance”, w.r.t. ŝ(x))

E
[
Y − ŝ(X) | ŝ(X)

]
= E

[
µ(x) − ŝ(X) | ŝ(X)

]
= 0.

Economically, price-based subgroups ŝ(x) are self-financing (for random losses Y ).
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Calibration: Curve g , or “calibration curve”
[Schervish, 1989] defined well-calibrated as

E[Y | ŝ(X) = p] = p, ∀p ∈ [0, 1].

Thus, based on that previous expression, consider the calibration curve, named
“reliability diagrams” in [Sanders, 1963, Wilks, 1990]

Calibration curve

The calibration curve is defined as

g :
{

[0, 1] → [0, 1]
p 7→ g(p) := E[Y | ŝ(X) = p]

The g function for a well-calibrated model ŝ is the identity function g(p) = p.
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Calibration: Curve g , or “calibration curve”, Inference

[Wilks, 1990], [Pakdaman Naeini et al., 2015]
and [Kumar et al., 2019] considered quantile-
based bins : g is the continuous piecewise linear
function, interpolating linearly between the
points

{(sk , yk)} where k = 1, · · · , 10,

sk = 10
n

∑
i∈Ik

ŝ(x i) and yk = 10
n

∑
i∈Ik

yi ,

Ik =
{

i :
⌈k − 1

10 · n
⌉

≤ rank(ŝ(x i)) ≤
⌊ k

10 · n
⌋}
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Calibration: Curve g , or “calibration curve”, Inference

Given sample {(x i , yi)} and score ŝ, consider a local regression of y ’s against ŝ(x)’s,
as in [Loader, 2006], see [Austin and Steyerberg, 2019, Denuit et al., 2021]. E.g.

ĝ(p) :=

n∑
i=1

Kh(p − ŝ(x i)) · yi

n∑
i=1

Kh(p − ŝ(x i))
, ∀p ∈ [0, 1],

based on [Nadaraya, 1964, Watson, 1964], for some kernel K and some bandwidth h.
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Calibration: Curve g , or “calibration curve”, Inference
Since g should be increasing, quite naturally, we could consider an isotonic regression
of y ’s against ŝ(x)’s, as in [Kruskal, 1964], see
[Niculescu-Mizil and Caruana, 2005, Wüthrich and Ziegel, 2024], g̃ is the continuous
piecewise linear function, interpolating linearly between the points (ŝ(x i), ŷi), where
ŝ(x i)’s are sorted,

g̃(p) :=


ŷ1 if p ≤ ŝ(x1)

ŷi + p − ŝ(x i)
ŝ(x i+1) − ŝ(x i)

(ŷi+1 − ŷi) if ŝ(x i) ≤ x ≤ ŝ(x i+1)

ŷn if x ≥ ŝ(xn)

where
min

ŷ1,··· ,ŷn

n∑
i=1

(
ŷi − yi

)2 subject to ŷi ≤ ŷj for all (i , j) ∈ E ,

E = {(i , j) : ŝ(x i) ≤ ŝ(x j)} specifies the partial ordering of the observed inputs ŝ(x i).
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Calibration: Curve g

Scatterplot (ŝ(x i), yi), yi ∈ R (regression) and yi ∈ {0, 1} (classification)
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Calibration: Curve g

• quantile-based bins
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Calibration: Curve g

• quantile-based bins , compute sk (here k ∈ {1, 2, · · · , 10}
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Calibration: Curve g

• quantile-based bins , compute yk (here k ∈ {1, 2, · · · , 10}
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Calibration: Curve g

• quantile-based bins , interpolate from (sk , yk) (here k ∈ {1, 2, · · · , 10}
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Calibration: Curve g

• local average or regression , here p = 1/2
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Calibration: Curve g

• local average or regression , compute wi ∝ Kh(p − ŝ(x i)) and weighted average
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Calibration: Curve g

• local average or regression , then change p
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Calibration: Curve g

• local average or regression , find an appropriate bandwidth h
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm

§ freakonometrics freakonometrics.hypotheses.org – Arthur Charpentier, July 2025 Actuarial Research Conference, Toronto 52 / 81

https://freakonometrics.github.io/
https://freakonometrics.hypotheses.org/


Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Calibration: Curve g

• isotonic regression , based on a sequential algorithm
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Recalibration, s̃(·) = ĝ
(
ŝ(·)

)
If g : p 7→ E

(
Y | ŝ(X) = p

)
if continuously increasing, recalibration is obtained using

s̃(x) := E
(
Y | ŝ(X) = ŝ(x)

)
= g

(
ŝ(x)

)
see [Denuit et al., 2021]. plugin any estimator ĝ

• quantile-based bins , [Wilks, 1990]

• local regression , [Loader, 2006]

• isotonic regression , [Barlow and Brunk, 1972]

• Platt (re)scalling , from [Platt, 1999]

• Beta regression , from [Ferrari and Cribari-Neto, 2004]
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Recalibration, s̃(·) = ĝ
(
ŝ(·)

)
Platt’s scaling fits a logistic regression model to the output scores of a classifier:

P(Y = 1 | ŝ(X)) = 1
1 + exp(A · ŝ(X) + B)

where ŝ(·) is the uncalibrated score, and A, B are learned on a validation set.
Parameters A, B are learned via logistic regression by minimizing the negative
log-likelihood:

log L(A,B) = −
n∑

i=1
[yi log p̂i + (1 − yi) log(1 − p̂i)]

where p̂i = 1
1 + exp(A · ŝ(x i) + B) . Then

s̃(x) = 1
1 + exp(Â · ŝ(X) + B̂)
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Recalibration, s̃(·) = ĝ
(
ŝ(·)

)
Beta regression is used to model variables that lie in the open interval (0, 1).
Assumes that Y ∼ Beta(µ, ϕ), where µ is the mean and ϕ is a precision parameter

f (y ;µ, ϕ) = Γ(ϕ)
Γ(µϕ) Γ((1 − µ)ϕ) · yµϕ−1(1 − y)(1−µ)ϕ−1, y ∈ (0, 1).

Suppose that µ is function of ŝ(x)

logit(µi) = log
(

µi
1 − µi

)
= β0 + β1ŝ(x i) = ŝ(x i)⊤β

Log-likelihood (log L(β, ϕ)) for n observations is:

n∑
i=1

[log Γ(ϕ) − log Γ(µiϕ) − log Γ((1 − µi)ϕ) + (µiϕ− 1) log yi + ((1 − µi)ϕ− 1) log(1 − yi)]

Then s̃(x) = expit(ŝ(x)β̂).
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Recalibration, s̃(·) = ĝ
(
ŝ(·)

)
• on a larger validation sample, use quantile based bins , fit ĝ
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Recalibration, s̃(·) = ĝ
(
ŝ(·)

)
• local regression and isotonic regression
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Recalibration, s̃(·) = ĝ
(
ŝ(·)

)
• Platt (re)scalling (logistic) and Beta regression
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Recalibration, s̃(·) = ĝ
(
ŝ(·)

)
• quantile-based bins ŝ(x i)

ĝ→ s̃(x i) = ĝ
(

ŝ(x i)
)recalibrated score initial score
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Recalibration, s̃(·) = ĝ
(
ŝ(·)

)
• local regression
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Recalibration, s̃(·) = ĝ
(
ŝ(·)

)
• isotonic regression
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Recalibration, s̃(·) = ĝ
(
ŝ(·)

)
• Platt (re)scalling
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Recalibration, s̃(·) = ĝ
(
ŝ(·)

)
• Beta regression
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Sidenote, Distance Between Distributions

• Kullback–Leibler divergence KL(P ∥ Q)

KL(P ∥ Q) =
∑

i
P(i) log P(i)

Q(i) or
∫
R

p(x) log p(x)
q(x) dx

for absolutely continuous distributions (with densities p and q)
• Wasserstein or Cramér distance Wk(P,Q) for k ≥ 1,

Wk(P,Q) =
( ∫ 1

0
|F −1

p (u)−F −1
q (u)|kdu

)1/k
, where


Fp(x) = P((−∞, x ]) =

∫ x

−∞
dP(t)

Fq(x) = Q((−∞, x ]) =
∫ x

−∞
dQ(t)

Ck(P,Q) =
( ∫

R
|Fp(x) − Fq(x)|kdx

)1/k
.
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Claims Frequency in Motor Insurance
As in [Denuit et al., 2021], consider claims (annual) frequency in motor insurance,

ŝglm ŝgam ŝgbm ŝrf

average ŝ(x)’s 0.0875 0.0877 0.0875 0.0886
10% quantile 0.0295 0.0288 0.0508 0.0006
90% quantile 0.1589 0.1612 0.1321 0.4073

First desirable property, global balance , E(Y ) = E(ŝ(X))

average loss
average premiumAnother desirable property, local balance ,

E(Y | ŝ(X)) = E(ŝ(X) | ŝ(X)) = ŝ(X)

Calibration curve (for probabilistic scores) is defined as

g :
{

[0, 1] → [0, 1]
p 7→ g(p) := E[Y | ŝ(X) = p]
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Claims Frequency in Motor Insurance
Distribution of ŝ(xi)’s, for a plain logistic regression, GAM additive model, gradient
boosting (sequential learning) and random forest.

ŝglm ŝgam ŝgbm ŝrf

average ŝ(x)’s 0.0875 0.0877 0.0875 0.0886
10% quantile 0.0295 0.0288 0.0508 0.0006
90% quantile 0.1589 0.1612 0.1321 0.4073
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Claims Frequency in Motor Insurance

Evolution of the (estimated) calibration curve , p 7→ E[Y |ŝ(X) = p]
where ŝ(x) is a predicted claims (annual) frequency, for a plain logistic regression,
GAM additive model, gradient boosting (sequential learning) and random forest.
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Claims Frequency in Motor Insurance

glm →
gam →
gbm →

rf →

ŝglm ŝgam ŝgbm ŝrf

0.707 0.707 0.685 0.619
0.699 0.699 0.681 0.616
0.665 0.669 0.708 0.681
0.642 0.646 0.726 0.822

AUC

ŝglm ŝgam ŝgbm ŝrf

0.159 0.163 0.099 0.306
0.157 0.159 0.095 0.305
0.135 0.143 0.089 0.296
0.138 0.142 0.084 0.299

inter quantile difference
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Claims Frequency in Motor Insurance

glm →
gam →
gbm →

rf →

ŝglm ŝgam ŝgbm ŝrf

0.14 0.16 0.36 12.99
0.15 0.17 0.52 13.49
0.40 0.52 0.30 9.69
0.46 0.48 0.92 1.91

un-calibration ∥ĝ − Id∥2
2

ŝglm ŝgam ŝgbm ŝrf

0.0482 0.0540 0.3435 1.0891
0.0460 0.0400 0.3394 1.0977
0.1389 0.1277 0.4567 0.8814
0.7133 0.7099 1.3091 0.1129

distance KL(Pp,Pp̂)
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Claims Frequency in Motor Insurance

glm →
gam →
gbm →

rf →

ŝglm ŝgam ŝgbm ŝrf

0.707 0.707 0.685 0.619
0.699 0.699 0.681 0.616
0.665 0.669 0.708 0.681
0.642 0.646 0.726 0.822

AUC

ŝglm ŝgam ŝgbm ŝrf

0.159 0.163 0.099 0.306
0.157 0.159 0.095 0.305
0.135 0.143 0.089 0.296
0.138 0.142 0.084 0.299

inter quantile difference
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Claims Frequency in Motor Insurance

glm →
gam →
gbm →

rf →

ŝglm ŝgam ŝgbm ŝrf

0.14 0.16 0.36 12.99
0.15 0.17 0.52 13.49
0.40 0.52 0.30 9.69
0.46 0.48 0.92 1.91

un-calibration ∥ĝ − Id∥2
2

ŝglm ŝgam ŝgbm ŝrf

0.0482 0.0540 0.3435 1.0891
0.0460 0.0400 0.3394 1.0977
0.1389 0.1277 0.4567 0.8814
0.7133 0.7099 1.3091 0.1129

distance KL(Pp,Pp̂)
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Claims Frequency in Motor Insurance

glm →
gam →
gbm →

rf →

ŝglm ŝgam ŝgbm ŝrf

0.707 0.707 0.685 0.619
0.699 0.699 0.681 0.616
0.665 0.669 0.708 0.681
0.642 0.646 0.726 0.822

AUC

ŝglm ŝgam ŝgbm ŝrf

0.159 0.163 0.099 0.306
0.157 0.159 0.095 0.305
0.135 0.143 0.089 0.296
0.138 0.142 0.084 0.299

inter quantile difference
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Claims Frequency in Motor Insurance

glm →
gam →
gbm →

rf →

ŝglm ŝgam ŝgbm ŝrf

0.14 0.16 0.36 12.99
0.15 0.17 0.52 13.49
0.40 0.52 0.30 9.69
0.46 0.48 0.92 1.91
un-calibration ∥ĝ − Id∥2

2

ŝglm ŝgam ŝgbm ŝrf

0.0482 0.0540 0.3435 1.0891
0.0460 0.0400 0.3394 1.0977
0.1389 0.1277 0.4567 0.8814
0.7133 0.7099 1.3091 0.1129

distance KL(Pp,Pp̂)
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Claims Frequency in Motor Insurance

glm →
gam →
gbm →

rf →

ŝglm ŝgam ŝgbm ŝrf

0.707 0.707 0.685 0.619
0.699 0.699 0.681 0.616
0.665 0.669 0.708 0.681
0.642 0.646 0.726 0.822

AUC

ŝglm ŝgam ŝgbm ŝrf

0.159 0.163 0.099 0.306
0.157 0.159 0.095 0.305
0.135 0.143 0.089 0.296
0.138 0.142 0.084 0.299

inter quantile difference
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Claims Frequency in Motor Insurance

glm →
gam →
gbm →

rf →

ŝglm ŝgam ŝgbm ŝrf

0.14 0.16 0.36 12.99
0.15 0.17 0.52 13.49
0.40 0.52 0.30 9.69
0.46 0.48 0.92 1.91

un-calibration ∥ĝ − Id∥2
2

ŝglm ŝgam ŝgbm ŝrf

0.0482 0.0540 0.3435 1.0891
0.0460 0.0400 0.3394 1.0977
0.1389 0.1277 0.4567 0.8814
0.7133 0.7099 1.3091 0.1129

distance KL(Pp,Pp̂)
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