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Advanced Econometrics #4 : Quantiles and Expectiles

A. Charpentier (Université de Rennes 1)
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Quantiles and Quantile Regressions

Quantiles are important quantities in many

areas (inequalities, risk, health, sports, etc).
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A First Model for Conditional Quantiles

Consider a location model, y = Bp + ' B + ¢ i.e.
EY X =x]=2'p

then one can consider

Q(TIX =x) = o+ Qc(r) +a'B
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OLS Regression, /5 norm and Expected Value

n
1
Let y € RY, §¥ = argmin Z —|y; —m L Tt is the empirical version of
meR | =
€4

2
ElY| = aregmin / —m| dF = aremin { E|[||Y —m
Y] g y (y) g Il 2]

I g

where Y is a random variable.
( 3\

— 1
Thus, argmin < Z — [y@ — m(a:ZZ] ? > is the empirical version of E[Y | X = x|.
m(-):RF—R ik ~

i=
\ v /

See Legendre (1805) Nouvelles méthodes pour la détermination des orbites des
cometes and Gauf (1809) Theoria motus corporum coelestium in sectionibus conicis

solem ambientium.



https://archive.org/details/nouvellesmthode00legegoog
https://archive.org/details/nouvellesmthode00legegoog
https://archive.org/details/bub_gb_ORUOAAAAQAAJ
https://archive.org/details/bub_gb_ORUOAAAAQAAJ
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OLS Regression, /5 norm and Expected Value
d

Sketch of proof: (1) Let h(zx) = Z(CE —y;)°, then

d
1
d the FOC yield :—g i = 1.
an e yields x - Yi =Y

1=1

(2) If Y is continuous, let h(x) = /(m —y)f(y)dy and
R

0

5 (T~ y) f(y)dy
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Median Regression, /1 norm and Median

n

1
Let y € RY, median[y] € argmin Z = }yz — m| . It is the empirical version of
meR i—1 N S~ —

€4

median|Y] € argmin / y —m|dF(y) p = argmin < E|||Y —m]||,
Y meER ‘ ‘ meER [H‘/—’H 1]

S

1

where Y is a random variable, P[Y < median[Y]] > 5 and P[Y > median[Y]]

( \
n
1
argmin < Z —|y; —m(x;)| p is the empirical version of median[V|X = x.
m()Rk—HR i=1 T N~ -
\ &1 y

See Boscovich (1757) De Litteraria expeditione per pontificiam ditionem ad
dimetiendos duos meridiani and Laplace (1793) Sur quelques points du systéeme du
monde.



https://archive.org/details/delitterariaexp00boscgoog
https://archive.org/details/delitterariaexp00boscgoog
https://www.irphe.fr/~clanet/otherpaperfile/articles/Laplace/N0077597_PDF_1_529.pdf
https://www.irphe.fr/~clanet/otherpaperfile/articles/Laplace/N0077597_PDF_1_529.pdf
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Median Regression, /1 norm and Median
Sketch of proof: (1) Let h(x Z lz — ;|

(2) If F is absolutely contlnuous, dF( ) = f(x)dz, and the
" 1
median m is solution of / f(x)dx = 5"

+00
Set h(y) = / 2 — ylf (2)da

— O

:/y (_g;+y)f(:c)d:z;+/y+oo(w—y)f(w)dﬂf

— OO

+0o0
Then h'(y / f(x)dx — / f(x)dz, and FOC yields
- y

/—yoo e = /;OO flode=1= /_ yoo f(z)de = -
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OLS vs. Median Regression (Least Absolute Deviation)

Consider some linear model, y; = 39 + x; 8 + ¢; ,and define

(B3°,8°) = argmin {Z (yi — Bo — wzﬂ)z}

1=1

(AIOad, Blad) — argmin {Z ‘yz — 50 — w;r/B‘}
=1

Assume that €| X has a symmetric distribution, E[¢| X ] = median|¢| X ] = 0, then

~ . ~ol ~lad
(33, B") and (824, B ™) are consistent estimators of (3o, 8).

Assume that €| X does not have a symmetric distribution, but E[e| X] = 0, then

~ol ~lad
Bos and (3 ™ are consistent estimators of the slopes 3.

If median|e| X| = ~, then B\'Oad converges to By + 7.
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OLS vs. Median Regression

Median regression is stable by monotonic transformation. If

log[y;] = Bo + =, B + €; with median[e| X] = 0,

median|Y | X = x] = exp (median[log(Y)|X = a:]) = exp (ﬁo + wZTB)

while

E[Y|X = a] # exp (E[log(Y)|X = ]) (= exp (Ellog(¥)|X = z))-[exp(e)| X =2

1 > ols <- 1lm(y~x, data=df)
2 > library(quantreg)
3 > lad <- 1m(y~x, data=df, tau=.5)
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Notations

Cumulative distribution function Fy (y)
Quantile function @) x (u) = inf {y ceR: Fy(y
also noted Qx (u) = Fx'u.

One can consider Q) x (u) = sup {y eR: Fy(y)

For any increasing transformation ¢, Qyy)(1) = t(Qy (7))
Fyle) =PlY <y|X = x|

Qylz(u) = F~ ! (u|z)
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Empirical Quantile

> set.seed(2); X=rnorm(9)
> Q=quantile(X,u,type=1)

O’X[np}:n =+ (1 - a’)X[np]Jrl:n
where
Xl:n S X‘Z:n S e S X‘n:‘n

T
04 0.6

probability level

Inverse of empirical distribution function

Hyndman, R. J. & Fan, Y. (1996) Sample quantiles in statistical packages American Statistician 50 361-365

> set.seed(2); X=rnorm(9)
> Q=quantile(X,u,type=6)

linear interpolation between points

{(p('l“‘)-, X )ik=1,-- ,'I’l}

k

I)(]‘) - n-+l

T
0.4 0.6

probability level

Minitab >

Hyndman, R. J. & Fan, Y. (1996) Sample quantiles in statistical packages American Statistician 50 361365

> set.seed(2); X=rnorm(9)
> Q=quantile(X,u,type=4)

linear interpolation between points

{(p(/{): Xl\::n)? k=1, 71}

T
0.4 0.6

probability level

Linear interpolation of the empirical cdf

Hyndman, R. J. & Fan, Y. (1996) Sample quantiles in statistical packages American Statistician 50 361-365

> set.seed(2); X=rnorm(9)
> Q=quantile(X,u,type=9)

linear interpolation between points
{(p(’lﬂ): Xfﬂl?l): k= lr T n}

k)= —"+
p(k) n+1/4

T
0.4 06

probability level
Approximately median-unbiased (when Gaussian)

Hyndman, R. J. & Fan, Y. (1996) Sample quantiles in statistical packages American Statistician 50 361365
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Quantile regression ?

In OLS regression, we try to evaluate E|Y | X = x| = / YdFy | x—2(y)
R

In quantile regression, we try to evaluate

Q.Y |X =x) = inf {y Py | x=a(y) > u}

as introduced in Newey & Powell (1987) Asymmetric Least Squares Estimation and
Testing.

Li & Racine (2007) Nonparametric Econometrics: Theory and Practice suggested
QuY|X =x) =inf{y: Fy|x—o(y) > u}

where ﬁy| x—=z(y) can be some kernel-based estimator.



http://www.unc.edu/~jgxchen/Spring2012/Newey-Powell-1987.pdf
http://www.unc.edu/~jgxchen/Spring2012/Newey-Powell-1987.pdf
http://press.princeton.edu/titles/8355.html
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Quantiles and Expectiles

Consider the following risk functions

Ri(u) =u- (1 —L(u<0)), 7€]0,1]

with RY

1/2() o [u] = [lullg,, and

RE(u) =u” (7 —1(u<0)), 7€0,1]

with R 5 (u) o u? = ||ullz, .

Qy (1) = argnznin{E(Rﬂ(Y — m))}

which is the median when 7 = 1/2,

Ey (1) = argnznin{E(Ri(X —m))}

which is the expected value when 7 = 1/2.
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Quantiles and Expectiles

One can also write

- l1-7ite<O
quantile: argmin Z wd(e;)|yi — q; | p where wi(e) = -
i=1 Y Tife>0

€4

1l—7ife<O

expectile: argmin Z ws () (yi — ¢ )2 where w? (€) =

i—1 — Tif e >0

Expectiles are unique, not quantiles...
Quantiles satisfy E[sign(Y — Qy (7))] =0
Expectiles satisfy TE[(Y — ey (7))4+] = (1 = 1)E[(Y — ey (7))_]

(those are actually the first order conditions of the optimization problem).
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Quantiles and M -Estimators

There are connections with M-estimators, as introduced in Serfling (1980)

Approximation Theorems of Mathematical Statistics, chapter 7.

For any function A(-,-), the M-functional is the solution § of

/hwﬁMR%)ZO

, and the M-estimator is the solution of

[ 1w iFaw) = 1



http://onlinelibrary.wiley.com/doi/10.1002/9780470316481.ch7/summary
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Quantiles, Maximal Correlation and Hardy-Littlewood-Polya

mn mn

o, <--- <z, and y; <--- <y,, then szyz > inya(i)a Vo € 5, and @
i=1 i=1

and y are said to be comonotonic.

The continuous version is that X and Y are comonotonic if

E[XY] > E[XY] where V £,

One can prove that

~

Y =Qyv(Fx(X)) = a;gmax{E[XY]}
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Expectiles as Quantiles

For every Y € L', 7 — ey (7) is continuous, and striclty increasing

E(lX —
if Y is absolutely continuous, dey (7) — | ey (7)]

ot (1—=7)Fy(ey (7)) +7(1 — Fy(ey(7)))
if X <Y, thenex(7) <ey(r) Vr € (0,1)

“Expectiles have properties that are similar to quantiles” Newey & Powell (1987)
Asymmetric Least Squares Estimation and Testing. The reason is that expectiles of
a distribution F' are quantiles a distribution G which is related to F', see Jones
(1994) Expectiles and M-quantiles are quantiles: let

B P(t) —tF(t) [
G<t)_2[P(t)—tF(t)]+t—,uWhere P( )—/ ydF(y).

— o0

The expectiles of F' are the quantiles of G.

1 > x <- rnorm(99)
2 > library(expectreg)
3 > e <- expectile(x, probs = seq(0, 1, 0.1))



http://www.unc.edu/~jgxchen/Spring2012/Newey-Powell-1987.pdf
http://www.sciencedirect.com/science/article/pii/0167715294900310

ARTHUR CHARPENTIER, ADVANCED ECONOMETRICS GRADUATE COURSE

Expectiles as Quantiles




ARTHUR CHARPENTIER, ADVANCED ECONOMETRICS GRADUATE COURSE

Elicitable Measures
“elicitable” means “being a minimizer of a suitable expected score”

T is an elicatable function if there exits a scoring function S': R x R — |0, c0)
such that

T(Y) = ar;gg@in {/R S(x, y)dF(y)} = ar{g;é%in {E[S(z,Y)| where Y ~ F.}

see Gneiting (2011) Making and evaluating point forecasts.

Example: mean, T(Y) = E[Y] is elicited by S(z,y) = ||z — yl|Z,

Example: median, T(Y) = median|Y] is elicited by S(x,y) = ||z — y||¢,
Example: quantile, T(Y) = Qy (7) is elicited by

S(x,y) =7y —x)4 + (1 —7)(y —x)-

Example: expectile, T(Y) = Ey (1) is elicited by

S(,y)=7y—2)1 + (1 —-7)(y —2)2



http://pubs.amstat.org/doi/abs/10.1198/jasa.2011.r10138
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Elicitable Measures

Remark: all functionals are not necessarily elicitable, see Osband (1985)

Providing incentives for better cost forecasting

The variance is not elicitable

The elicitability property implies a property which is known as convexity of the
level sets with respect to mixtures (also called Betweenness property) : if two

lotteries F', and G are equivalent, then any mixture of the two lotteries is also

equivalent with F' and G.



https://www.researchgate.net/publication/34839453_Providing_Incentives_for_Better_Cost_Forecasting
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Empirical Quantiles

Consider some i.id. sample {y1,- - ,y,} with distribution F. Set

@, = argmin {E|RI(Y — ¢)| } whereY ~ F and Q. € argmin {Z R (y; — q)}
i=1

Then as n — o

Fa

vala:-e) 53 (05 )

n

1
Sketch of the proof: y; = Q, + €;, set hy(q) = — g (1(% <q)— 7‘), which is a
n
i=1

non-decreasing function, with

E [QT + %] — Fy (QT + %) ~ fﬂ@»%

L] - FY(QT)[l — FY(Q’T)] _ T(l _7-)
n :

n n

Var [QT +




ARTHUR CHARPENTIER, ADVANCED ECONOMETRICS GRADUATE COURSE

Empirical Expectiles

Consider some i.id. sample {y1, - ,y,} with distribution F. Set

pr = argmin {E[R$(Y —m)|} where Y ~ F and [i, = argmin {Z RE(y; — m)}
i=1

Then as n — oo

V(i — nr) 5 N (0, %)

for some s, if Var[Y] < oo. Define the identification function
T (x,y) =7(y—2). + (1 —7)(y —x)_ (elicitable score for quantiles)
so that y, is solution of E|Z(u,,Y)] = 0. Then

E[Z(pr,Y)?]
(T[1 = Fp )]+ 1 = 7] F(pr))?
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Quantile Regression

mn
We want to solve, here, min Z RI(y; — CEIB)
i=1

slope of quantile regression

I I
40 60

speed probability level (%)

Yi = az;rﬁ + £; so that Q\y|w(7'> = mTE + F (1)
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Geometric Properties of the Quantile Regression

Observe that the median regression will always have

two supporting observations.

Start with some regression line, y; = By + B1x;

Consider small translations y; = (6o £ €) + S1z;

We minimize Z ‘yz — (Bo + 51%’)}

i=1
From line blue, a shift up decrease the sum by e

until we meet point on the left
an additional shift up will increase the sum

We will necessarily pass through one point
(observe that the sum is piecwise linear in )
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Geometric Properties of the Quantile Regression
Consider now rotations of the line around the support
point

If we rotate up, we increase the sum of absolute differ-

ence (large impact on the point on the right)

If we rotate down, we decrease the sum, until we reach

the point on the right

Thus, the median regression will always have two sup-

portting observations.

> library(quantreg)

> fit <- rq(dist~speed, data=cars, tau=.5)
> which(predict (fit)==cars$dist)

1 21 46

1 21 46
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Distributional Aspects

OLS are equivalent to MLE when Y — m(x) ~ N(0,0?), with density

( ) 1 €2
€) = exp [ ———
I oV 2T b 202

Quantile regression is equivalent to Maximum Likelihood Estimation when

Y — m(x) has an asymmetric Laplace distribution

\/5 K ( \/ilil(€>0) )
exp | — €]

o 1—|—/ﬁ32 0-/11(€<O)

(€)
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Quantile Regression and lterative Least Squares

start with some 8% e.g. B

at stage k :
let s(k) = 1; — :BZ-Tﬂ(k_l)

7

define weights wgk) = Rr(é‘?(;k))

compute weighted least square to estimate 8 (k)

I
15

speed

One can also consider a smooth approximation of R3(+), and then use

Newton-Raphson.
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Optimization Algorithm

Primal problem is

min {TlTu + (1 — T)lTv} s.t. y=XpB +u—v, withu,v € R}

B?uJU

and the dual version is

max {y'd} s.t. X'd=(1-7)X"1 withd e [0,1]"

Koenker & D’Orey (1994) A Remark on Algorithm AS 229: Computing Dual
Regression Quantiles and Regression Rank Scores suggest to use the simplex
method (default method in R)

Portnoy & Koenker (1997) The Gaussian hare and the Laplacian tortoise suggest to

use the interior point method



https://www.jstor.org/stable/2986030?seq=1#page_scan_tab_contents
https://www.jstor.org/stable/2986030?seq=1#page_scan_tab_contents
https://projecteuclid.org/euclid.ss/1030037960
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Simplex Method

The beer problem: we want to produce beer, either blonde, or brown

/ ( ST
barley : 14k ‘ barley : 10k Vi
Y 5 ' ; y © barley : 280kg

corn : 5k
© corn : 100kg

corn : 2kg

| price: 30€ | price: 40€

Admissible sets :
10qbrown + 14qpiond < 280  (10x1 + 14xo < 280)
2Qbrown + 9Gblond < 100 (221 + 52 < 100)
What should we produce to maximize the profit 7
max {4qurown + 30qb|ond} (max {40:1:1 + 30.732})

Blond Beer Barrel

10 15 20 25 30

Brown Beer Barrel




ARTHUR CHARPENTIER, ADVANCED ECONOMETRICS GRADUATE COURSE

Simplex Method

First step: enlarge the space, 10z1 + 1425 < 280 becomes 1021 + 14z5 — u1 = 280

(so called slack variables)

max {4Ox1 + 30962}
s.t. 10xy + 1429 + u1 = 280
21‘1 + 5$2 + Uo — 100

L1,T2,U1, U2 Z 0

summarized in the following table, see wikibook
T1 To UL U
10 14 1 0 | 280
2 5 100
40 30

¥ ©freakonometrics 31


https://en.wikibooks.org/wiki/Operations_Research/The_Simplex_Method
https://en.wikipedia.org/wiki/Simplex_algorithm
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Interior Point Method

See Vanderbei et al. (1986) A modification of Karmarkar's linear programming
algorithm for a presentation of the algorithm, Potra & Wright (2000) Interior-point
methods for a general survey, and and Meketon (1986) Least absolute value
regression for an application of the algorithm in the context of median regression.

Running time is of order n'*t°k3 for some § > 0 and k = dim(3)

(it is (n + k)k? for OLS, see wikipedia).



https://www.princeton.edu/~rvdb/tex/myPapers/VanderbeiMeketonFreedman.pdf
https://www.princeton.edu/~rvdb/tex/myPapers/VanderbeiMeketonFreedman.pdf
http://www.math.umbc.edu/~potra/PoWr00.pdf
http://www.math.umbc.edu/~potra/PoWr00.pdf
https://www.princeton.edu/~rvdb/tex/myPapers/VanderbeiMeketonFreedman.pdf
https://www.princeton.edu/~rvdb/tex/myPapers/VanderbeiMeketonFreedman.pdf
http://en.wikipedia.org/wiki/Computational_complexity_of_mathematical_operations#Matrix_algebra
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Quantile Regression Estimators

~ol
OLS estimator BOS is solution of

~ols

— argmin {E[(E[Y|X = o] - 278)"]}

and Angrist, Chernozhukov & Fernandez-Val (2006) Quantile Regression under
Misspecification proved that

AN

B = argmin {E[wT(ﬂ) (QT[Y|X = x| — a’T/B)2] }

(under weak conditions) where

wr(B) = /0 (1 —u)fyeuz' B+ (1 —u)Q,[Y|X = z])du

AN

B is the best weighted mean square approximation of the tru quantile function,
where the weights depend on an average of the conditional density of Y over '3

and the true quantile regression function.



http://onlinelibrary.wiley.com/doi/10.1111/j.1468-0262.2006.00671.x/abstract
http://onlinelibrary.wiley.com/doi/10.1111/j.1468-0262.2006.00671.x/abstract
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Assumptions to get Consistency of Quantile Regression Estimators
As always, we need some assumptions to have consistency of estimators.
observations (Y;, X ;) must (conditionnaly) i.id.
regressors must have a bounded second moment, E[HX 7,H2] < 00

error terms € are continuously distributed given X ;, centered in the sense
that their median should be 0,

/ OOO feleyde = 3.

“local identification” property : [ f-(0) XX T} is positive definite
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Quantile Regression Estimators

P

Under those weak conditions, 8. is asymptotically normal:

VB, — B,) 5 N(0,7(1 - 7)D7'Q, DY),

where

D, =E[f-(0)XX'"] and , = E[X " X].

hence, the asymptotic variance of 3 is

Var[B,] = o7 ( Zw )

[£(0

where j‘;(O) is estimated using (e.g.) an histogram, as suggested in Powell (1991)

Estimation of monotonic regression models under quantile restrictions, since

1(lel <
D. = imE (el =h) v xTY
h]0 2h 2



http://econpapers.repec.org/paper/attwimass/8818.htm
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Quantile Regression Estimators

There is no first order condition, in the sense 0V,,(B8,7)/93 = 0 where

Va(B,7) = Y Ri(y: — z} B)
=1

There is an asymptotic first order condition,
(y; 'B)=0(1), as n — oo,

where 9. (-) = 1(- < 0) — 7, see Huber (1967) The behavior of maximum likelihood
estimates under nonstandard conditions.

One can also define a Wald test, a Likelihood Ratio test, etc.



https://projecteuclid.org/download/pdf_1/euclid.bsmsp/1200512988
https://projecteuclid.org/download/pdf_1/euclid.bsmsp/1200512988
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Quantile Regression Estimators

Then the confidence interval of level 1 — « is then

[B\T + Z1_a/2 \/\A/ar [BT}]

An alternative is to use a boostrap strategy (see #2)

(b)

e generate a sample (y,gb), X, ) from (yz’a 337,)

e estimate ﬁg’) by

~(b
ﬁi ) = argmin {R?_ (y§b> — mgb)Tﬁ)}

o set Var*[3,] = ! Z (Bib) — 37)2

B
b=

B
1

For confidence intervals, we can either use Gaussian-type confidence intervals, or

empirical quantiles from bootstrap estimates.
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Quantile Regression Estimators

If = (71, -+ ,7m), One can prove that

where X is a block matrix, with

S0, = (min{r, 7} - 77,) D52, D

see Kocherginsky et al. (2005) Practical Confidence Intervals for Regression

Quantiles for more details.



http://www.tandfonline.com/doi/abs/10.1198/106186005X27563
http://www.tandfonline.com/doi/abs/10.1198/106186005X27563
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Quantile Regression: Transformations
Scale equivariance

For any a > 0 and 7 € [0, 1]

B,(aY,X) =aB,(Y,X) and B,(—aY,X) = —aB, (Y, X)

Equivariance to reparameterization of design

Let A be any p x p nonsingular matrix and 7 € [0, 1]

B, (Y, XA)=A"'B (Y, X)
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Visualization, 7 — (3.

See Abreveya (2001) The effects of demographics and maternal behavior...

1 > base=read.table("http://freakonometrics.free.fr/natality2005.txt")

Birth Weight (in g.)

1000 2000 3000 4000 5000 6000 7000

I I
40 60

probability level (%) Age (of the mother) AGE



http://link.springer.com/article/10.1007/s001810000052
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Visualization, 7 — (3.

See Abreveya (2001) The effects of demographics and maternal behavior on the
distribution of birth outcomes

SMOKERTRUE

o
<
-
=3
@
—
o
«
—
o
—
—
=3
=1
1
o
>
Q
@
o
R

40 60 40 60

probability level (%) probability level (%)

WEIGHTGAIN
COLLEGETRUE

I I
40 60

probability level (%) 40 60 40 60

probability level (%) probability level (%)



http://link.springer.com/article/10.1007/s001810000052
http://link.springer.com/article/10.1007/s001810000052
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Visualization, 7 — (3.

See Abreveya (2001) The effects of demographics and maternal behavior...

1 > base=read.table("http://freakonometrics.free.fr/BWeight.csv"

40 60 40 60
probability level (%) probability level (%)

mom_age

T T
40 60

T T
40 60

probability level (%) probabilty level (%)

probability level (%)



http://link.springer.com/article/10.1007/s001810000052
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Quantile Regression, with Non-Linear Effects

Rents in Munich, as a function of the area, from Fahrmeir et al. (2013)

Regression: Models, Methods and Applications
1 > base=read.table("http://freakonometrics.free.fr/rent98_00.txt")

Rent (euros)
Rent (euros)
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http://www.springer.com/gp/book/9783642343322
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Quantile Regression, with Non-Linear Effects
Rents in Munich, as a function of the year of construction, from Fahrmeir et al.

(2013) Regression: Models, Methods and Applications

Rent (euros)

Rent (euros)

1920 1940 1960 1980

1920 1940 1960 1980
Year of Construction

Year of Construction



http://www.springer.com/gp/book/9783642343322
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Quantile Regression, with Non-Linear Effects

BMI as a function of the age, in New-Zealand, from Yee (2015) Vector Generalized
Linear and Additive Models, for Women and Men

1 > library (VGAMdata); data(xs.nz)

I I
40 60 80 40 60 80

Age (Women, ethnicity = European) Age (Men, ethnicity = European)



http://www.springer.com/la/book/9781493928170
http://www.springer.com/la/book/9781493928170
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Quantile Regression, with Non-Linear Effects

BMI as a function of the age, in New-Zealand, from Yee (2015) Vector Generalized

Linear and Additive Models, for Women and Men

—— Maori —— Maori
—— European —— European

I
60 60

Age (Women) Age (Men)
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http://www.springer.com/la/book/9781493928170
http://www.springer.com/la/book/9781493928170
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Quantile Regression, with Non-Linear Effects

One can consider some local polynomial quantile regression, e.g.

min sz — Bo — (x; —:B)T,Bl)

for some weights w;(x) = H ' K(H '(x; — x)), see Fan, Hu & Truong (1994)

Robust Non-Parametric Function Estimation.



https://www.jstor.org/stable/4616328?seq=1#page_scan_tab_contents
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Asymmetric Maximum Likelihood Estimation

Introduced by Efron (1991) Regression percentiles using asymmetric squared error
loss. Consider a linear model, y; = =] 8 + ¢;. Let
n - e if e <0
S(8) ZZ:;Qw(yz x,; 3), where Q(¢) e e s where w T
2"
p(2a) + (1 — a)zq
Efron (1992) Poisson overdispersion estimates based on the method of asymmetric

where z, = @~ ().

One might consider w, =1 +

maximum likelihood introduced asymmetric maximum likelihood (AML)

estimation, considering

D(y;,xz]B) if y; <z
wD(y;, z] B) if y; > x) B

S(B) =D Qulyi — = B), where Qu(e) =
=1

where D(-,-) is the deviance. Estimation is based on Newton-Raphson (gradient

descent).



http://www3.stat.sinica.edu.tw/statistica/j1n1/j1n16/j1n16.htm
http://www3.stat.sinica.edu.tw/statistica/j1n1/j1n16/j1n16.htm
https://www.jstor.org/stable/2290457?seq=1#page_scan_tab_contents
https://www.jstor.org/stable/2290457?seq=1#page_scan_tab_contents
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Noncrossing Solutions

See Bondell et al. (2010) Non-crossing quantile regression curve estimation.

Consider probabilities 7 = (71,--- ,7,) with 0 <7 < --- <71, < 1.

Use parallelism : add constraints in the optimization problem, such that

w;r//B\q-j > w;'rBTj_l Vi € {17 T an}aj € {27 T 7Q}



http://www4.stat.ncsu.edu/~bondell/noCross.pdf
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Quantile Regression on Panel Data

In the context of panel data, consider some fixed effect, «; so that

Canay (2011) A simple approach to quantile regression for panel data suggests an

estimator in two steps,

use a standard OLS fixed-effect model y; = ZBZt B + a; + u; ¢, i.e. consider a

AN

within transformation, and derive the fixed effect estimate (3

_ _ T _
(yit —7;) = (fBz‘,t — fl?z‘,t) B+ (uir — ;)

T
estimate fixed effects as a; = Z (yi,t — wztﬂ)
t=1

finally, run a standard quantile regression of y; ; — @; on ;¢’s.

rqpd package.



http://onlinelibrary.wiley.com/doi/10.1111/j.1368-423X.2011.00349.x/abstract
http://rqpd.r-forge.r-project.org/
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Quantile Regression with Fixed Effects (QRFE)
In a panel linear regression model, y; ; = mzt B+ u; + €4,
where u is an unobserved individual specific effect.

In a fixed effects models, u is treated as a parameter. Quantile Regression is
in ZR“ Vit — 2118+ wil)

Consider Penalized QRFE, as in Koenker & Bilias (2001) Quantile regression for

duration data,

mm Zka% Yit — | Itﬁk+u@])+>\2\uz\

u
B kit

where wy, is a relative weight associated with quantile of level ay.



http://link.springer.com/article/10.1007/s001810000057
http://link.springer.com/article/10.1007/s001810000057
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Quantile Regression with Random Effects (QRRE)

Assume here that y; ; = azztﬁ + u; + €5 4.
——
=M, t

Quantile Regression Random Effect (QRRE) yields solving

mﬂin > Ri(yix — =] ,B)
it

which is a weighted asymmetric least square deviation estimator.

Let ¥ = [05 ()] denote the matrix

a(l — a) ift =s

UtS(a) N E[l{é‘it(&) < 0,87;8(04) < O}] — ao? if ¢ 7& S

If (nT) ' X '{I,, ® Brxr(a)} X — Dgasn — oo and (nT)"* X 'Q;X = Dy, then
~Q L _ _
VT (B (a) - 82(a)) £ (0, D7 'DeDT? ).
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Quantile Treatment Effects

Doksum (1974) Empirical Probability Plots and Statistical Inference for Nonlinear
Models introduced QTE - Quantile Treatement Effect - when a person might have
two Y’s : either Yy (without treatment, D = 0) or Y7 (with treatement, D = 1),

0r = Qv,(7) — Qy, (1)

which can be studied on the context of covariates.

Run a quantile regression of y on (d, x),

y = Po+dd+x, B+¢e; : shifting effect

y = Bo + w;r [5 - 5d} + ¢; : scaling effect



https://www.jstor.org/stable/2958036
https://www.jstor.org/stable/2958036
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Quantile Regression for Time Series

Consider some GARCH(1,1) financial time series,
yi = 0ygy Where oy = ag + oy - |ys—1| + Biov—1.

The quantile function conditional on the past - /1 =Y, | -is

Qy|~7:t—1 <7_) — 9OF€_1(T)1+?1F6_1(T2.‘yt—1| + Ble|]:t—2 (T)

TV TV

~ ~

(674) q

i.e. the conditional quantile has a GARCH(1,1) form, see Conditional
Autoregressive Value-at-Risk, see Manganelli & Engle (2004) CAViaR: Conditional

Autoregressive Value at Risk by Regression Quantiles



http://www.simonemanganelli.org/Simone/Research_files/caviarPublished.pdf
http://www.simonemanganelli.org/Simone/Research_files/caviarPublished.pdf
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Quantile Regression for Spatial Data

1 > library (McSpatial)

2 > data(cookdata)

3 > fit <- qregcpar (LNFAR~DCBD, nonpar=~LATITUDE+LONGITUDE, taumat=c
(.10,.90), kern="bisq", window=.30, distance="LATLONG", data=
cookdata)

10% Quantiles 90% Quantiles Difference between .10 and.90 Quantiles

R
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Expectile Regression

Quantile regression vs. Expectile regression, on the same dataset (cars)

—_ ~~
= c
S 2
7

@ 3
q) P —
S

> o
9 L
o 2
— )
c ]
< o
=) X
= L
)

= g
o o
2 )

T T T T
40 60 40 60

probability level (%) probability level (%)

see Koenker (2014) Living Beyond our Means for a comparison quantiles-expectiles



http://www.econ.uiuc.edu/~roger/research/bayesqr/Beyond.pdf
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Expectile Regression

Solve here mﬂin {ZRi(yz — :cZTﬁ)} where R (u) = u? - (7 — 1(u < 0))
i=1

“this estimator can be interpreted as a mazximum likelihood estimator when the
disturbances arise from a normal distribution with unequal weight placed on
positive and negative disturbances” Aigner, Amemiya & Poirier (1976)
Formulation and Estimation of Stochastic Frontier Production Function Models.

See Holzmann & Klar (2016) Expectile Asymptotics for statistical properties.

Expectiles can (also) be related to Breckling & Chambers (1988) M-Quantiles.

Comparison quantile regression and expectile regression, see Schulze-Waltrup et
al. (2014) Expectile and quantile regression - David and Goliath?



http://pages.stern.nyu.edu/~wgreene/FrontierModeling/Reference-Papers/Aigner-Lovell-Schmidt-JE1977-ALS.pdf
http://pages.stern.nyu.edu/~wgreene/FrontierModeling/Reference-Papers/Aigner-Lovell-Schmidt-JE1977-ALS.pdf
https://arxiv.org/pdf/1509.06866.pdf
http://journals.sagepub.com/doi/10.1177/1471082X14561155
https://epub.ub.uni-muenchen.de/31542/
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Expectile Regression, with Linear Effects

Rent (euros)

—
n
o
=
>
()
~
—
c
(&)
o

I I I
100 150 150

Area (m2) Area (m2)

Quantile Regressions Expectile Regressions
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Expectile Regression, with Non-Linear Effects

See Zhang (1994) Nonparametric regression expectiles

Rent (euros)

—
n
o
=
>
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o
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100 150
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Area (mz)

Quantile Regressions Expectile Regressions



http://www.tandfonline.com/doi/abs/10.1080/10485259408832586
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Expectile Regression, with Random Effects (ERRE)
Quantile Regression Random Effect (QRRE) yields solving

mﬂin > R (yix —x,,B)
1,t

One can prove that

n T n T

B = (XY awmeal) (3N anwan).

i=1 t=1 i=1 t=1

where W (1) = ‘7‘ — 1y < 332;3 ( ))’
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Expectile Regression with Random Effects (ERRE)
If W = diag(wi1(7),...wnr (7)), set

W=EW),H=X"WX and ¥ = X'E(Wee"W)X.

and then

VnT{B (r) — B5(r)} & N (0, H'SH™),

see Barry et al. (2016) Quantile and Expectile Regression for random effects model.

See, for expectile regressions, with R,

1 > library(expectreg)
2 > fit <- expectreg.ls(rent_euro ~ area, data=munich, expectiles=.75)
3 > fit <- expectreg.ls(rent_euro ~ rb(area,"pspline"), data=munich,

expectiles=.75)



https://hal-univ-rennes1.archives-ouvertes.fr/hal-01421752/
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Application to Real Data

ERRE QRRE ERRE QRRE

Intercept
Ability

Education
Mother educ.

o =
= 3
= 5
g 3]
= =

=
= 2

EX}){.‘I.'i(!Il(.‘{!2
Broken home

Nbr of siblings
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Extensions
—+ 00
The mean of Y is v(Fy) = / ydFy (y)

— OO

The quantile of level 7 for Y is v, (Fy) = F;l(T)

More generaly, consider some functional v(F') (Gini or Theil index, entropy, etc),
see Foresi & Peracchi (1995) The Conditional Distribution of Excess Returns

Can we estimate v(Fy ) ?

Firpo et al. (2009) Unconditional Quantile Regressions suggested to use influence

function regression

Machado & Mata (2005) Counterfactual decomposition of changes in wage
distributions and Chernozhukov et al. (2013) Inference on counterfactual

distributions suggested indirect distribution function.

Influence function of index v(F') at y is

[F (o, F) — ti V(L= OF +68y) = v(F)
T el 0 €



https://art.torvergata.it/retrieve/handle/2108/15659/20198/Foresi%2c%20Peracchi%20%281995%29_JASA.pdf
https://www.jstor.org/stable/40263848
http://onlinelibrary.wiley.com/doi/10.1002/jae.788/full
http://onlinelibrary.wiley.com/doi/10.1002/jae.788/full
htp://onlinelibrary.wiley.com/doi/10.3982/ECTA10582/abstract
htp://onlinelibrary.wiley.com/doi/10.3982/ECTA10582/abstract
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Extensions

For Gini index, and Generalized Entropy, see Cowell & Flachaire (2007) Income
distribution and inequality measurement: The problem of extreme values.

One can also look for the conditional distribution by estimating (uniform)

sequence of conditional quantile prediction...



http://darp.lse.ac.uk/papersdb/cowell-flachaire_(joe07).pdf
http://darp.lse.ac.uk/papersdb/cowell-flachaire_(joe07).pdf
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